Simple groups of order 7 · 3a · 2b  by Wales, David
JOURNAL OF ALGEBRA 16, 575-596 (1970) 
Simple Groups of Order 7 - 3” - 2b* 
DAVID WALES 
Department of Mathematics, California Institzrte of Technology, 
Pasadena, California 91109 
Communicated by Marshall Hall, Jr. 
Received December 30, 1969 
1. INTRODUCTION 
In this paper we prove that a simple group G of order 7 . 3” . 2b is either 
PSLs(7) z PSLa(2) of order 168,PSL,(8) of order 504,0r U,(3) of order 6048. 
The proof relies heavily on p-block theory especially for the prime p -1 7 to 
obtain group order formulas. It also uses Thompson’s N-group paper [13] 
to ensure a non-solvable subgroup with a normal 2- or 3-group. It is shown 
that the possibilities for this subgroup are limited. The proof is completed 
using the characterization of S,(3) and E,(3) appearing in the N-group 
paper. 
The N-group paper infers that if a simple group of order p . 3” . 2b exists 
for p a prime, then p = 5, 7, 13, 17. Brauer [4] has shown that there are only 
three simple groups for p = 5. This paper treats p = 7 and relies on the 
earlier paper [15]. B rauer for the casep = 5 did not need the N-group paper 
but relied mainly on the modular character theory for the prime p = 5. 
The paper is organized as follows. In Sections 3 and 4 we analyze a possible 
non-solvable 3-local subgroup. It follows that a maximal such subgroup 
contains a full Sylow 3-group. By restricting the characters from the principal 
7-block we can show this is impossible. This means there must be a non- 
solvable 2-local subgroup by [13]. Th e remaining sections are devoted to 
showing that 3 E rq and 2 - 3 so that ([13] Th ES) may be applied. In 
Sections 7 and 8 we analyze group theoretical consequences of the condition 
3 E na or 2 + 3. These results are applied in Sections 9,10, and 11 to eliminate 
various trees which arise. The trees eliminated in Section 10 are eliminated 
by the techniques of [4] and do not require the results of [13]. This is needed 
only for the situation of Section 9 and the residual case treated in Section 11. 
The notation is that of [15] and is by now standard. 
* Research was partially sponsored by NSF grant GP 13626. 
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2. STATEMENT OF THE MAIN THEOREM 
We prove the following main theorem. 
THEOREM 1. If G is a simple group of order 7 .3a . 2b then G is one of the 
follozuing groups. 
(i) G e P%,(7) E PSLa(2), 1 G 1 = 168 
(ii) G g PSL,(8), 1 G 1 = 504 
(iii) G r U,(3), 1 G 1 = 6048. 
This is equivalent to the following theorem. 
THEOREM 2. If  G is a group of order 7 * 3a * 2b for zuflich a 7-element is 
self centralizing then G/O,,(G) is one of the follozuing groups. 
(i) A Frobenius group of order 7, 14, 21, or 42. 
(ii) PSL,(7) of order 168 or an extension of order 168 * 2 isomorphic to 
PGL,(7). 
(iii) PSL,(8) of order 504 or a unique extension of ordH 504 . 3 obtaifzed 
by a Jield automorphism. 
(iv) U,(3) of order 6048 or an extension of order 6048 . 2 isomorphic to 
G,(2). 
Remark. By [12], O,(G) is a nilpotent group. Also, in (iii), 4(G) = e 
by Lemma 4.1 below. 
Proof of the equivalence. Clearly Theorem 2 together with ([4] Prop. 1) 
implies Theorem 1 so we need only show Theorem 1 implies Theorem 2. 
Let O,(G) = K. Now G = G/K has order 7 .3” .2a and has no element of 
order 7 . 2 or 7 . 3 using ([8] Th. 5.3.15). I f  Gis solvable it is one of the groups 
in (i). I f  not, a composition factor is one of the groups in Theorem 1. The 
automorphisms of these groups are well known and as there are no elements 
of order 7 .2 or 7 .3 in GTheorem 2 follows. For a discussion see ([14] Sec. 8). 
We will need notation for the particular groups occurring in (ii), (iii), (iv) 
of Theorem 2. We denote them H1 - H6 as follows. 
H1 r PSL,(7) I HI ) = 168 
H, G PGL,(7) I HZ 1 = 336 H,’ = H1 
4 z U,(3) 1 HZ j = 6048 
Ha s G,(2) 1 Ha I = 12096 H; = H3 
H5 s PSL,(8) 1 H, 1 = 504 
H6 1 H6 I = 1512 H; = H5 and 
there are no elements of order 7 .3. 
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We assume throughout that G is a minimal counterexample to Theorem 1. 
Consequently all proper subgroups of G are {2,3} groups or in the list of 
Theorem 2. In particular the 2(3)-local subgroups are 2(3)-constrained. This 
also follows from ([9] Th. 4). F or a discussion see Sec. 4 below. 
If a Sylow 7-normalizer is of order 14, the degree equation is 1 + 2b = 3”. 
The only possible solution consistent with [3] is 1 + 8 = 9. Therefore 
1 G I = 504 by [4,6] or ([15] L em. 6.2). It is well known there is only one 
such simple group, P%,(8). This follows in our case as well because the 
alleged G is not an N-group and so contains a subgroup of order at least 168. 
We assume then that a Sylow 7-normalizer is of order 7 .3 or 7 . 6. The 
case of 7 . 3 can be eliminated quite easily using the techniques in [4]. These 
are illustrated in Section 10. The N-group paper is certainly not needed. 
However, we eliminate the case 7 * 3 at the same time as the case 7 ~ 6 using 
the N-group paper. An elimination without the 1V-group paper is left as an 
exercise. I have not been able to avoid the N-group paper to eliminate the 
case 7 b 6. However, it is not needed in some of the places it is used in this 
paper. No attempt has been made to keep track of these places. 
3. 4 BASIC PROPERTY 
We record a basic property for later use. The result is standard but we 
mention it here in the specific form to be needed. Here J(P) is the subgroup 
of P generated by the abelian subgroups A(P) of maximal order in P. 
LEMMA 3.1. Suppose K 4 P a p-group and J(P) c K. Let H C Z(K). Then 
there is an element A E A(P), A c K. For any such R, AK/K is abelian and 
1 H: CM(AK/K)j < 1 AK/K I. 
Proof. As J(P)g K there is an A E A(P) such that B $ K because 
J(P) = (A; A E A(P)). Here A(P) is the set of abelian subgroups of P of 
maximal order. For such an 4 let Q = AK and -11, = A n K. The group 
(El, A,) is abelian as H C Z(K) and A, E K. Therefore l<H, A,)1 < ! A 1 
as A E A(P). This means 1 H/H n A,, 1 = / HA,/A, 1 ,( I A/A, / = 
[ _4K/K j = / Q/K j as AK/Kg A/A n K = 4/A,. Clearly A, n H L C,(A) 
and so A, n H c C&l/K). Therefore j H : C&/K)/ < j H : H n A, j < 
/ Q/K / and the lemma is proved. 
LEMMA 3.2. Suppose K a P, P a p-group, and J(P) L K. Then 
J(P) = J(K) and so J(K) char P. In particular if P C H where H is a group 
then NH(P) C ,zT,( J(K)). If N,(K) = iV,( J(K)) and P is a Sytow p-group of 
hr,(K), then P is a Sylow p-group of H. 
Proof. The proof is clear. 
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4. ~-LOCAL {2,3,7) SUBGROUPS 
We assume G is a minimal counter-example to Theorem 1. Let 
/ G 1 = 7 . 3” . 2b. The 2(3)-local subgroups then are either (2, 3) groups or 
one of the groups listed in Theorem 2 by ([4] Prop. 1). Let N be a 2-local 
subgroup not a (2, 3) group. Then O,(N) is a nilpotent (2, 3) group as it has 
a fixed point free automorphism of order 7 [12]. Clearly O,(N) + e as N is a 
2-local subgroup and so O,(N) # e. This implies O,,,(N) = O,,(N) and O,(N) 
is a Sylow 2-group of O,,,(N) = O,(N). As C(O,(N)) is a {2,3) group, 
C(O,(N)) C O,,,(N) = O,(N) and so Nis a-constrained. Clearly C(O,(N)) = 
-W,(W x O,(N)- A similar argument holds for a 3-local subgroup. It is 
clear that the 2(3)-local subgroups are 2(3)- constrained as they are either 
(2, 3,7} groups or (2,3) groups and so constrained by ([8] Th. 6.3.2). This 
also follows from ([9] Th. 4). 
We will use Lemmas 3.1 and 3.2 to discuss the maximal 3-local subgroups 
which are not (2, 3) groups. In particular, we prove the following result. 
LEMMA 4.1. Let N be a maximal 3-local subgroup which is not a {2,3} group. 
Then N contains a full Sylow 3-group and is one of the groups listed in Theorem 2 
in (i), (ii), (iv). Also No(P) C N h w eye P is a Sylow 3-group of N and 
J(P) = J(K) where K = O,(N). 
Proof. We show first that N is not one of the groups in Theorem 2, (iii). 
Suppose N/O,(N) E H5 or H6 . As N is a 3-local subgroup, O,(N) f e. Let 
K = O,(Z(O,(N))). Here N/O,(N) is represented faithfully on K as a 
7-element in N is self centralizing and 2(0,(N)) C 2(0,(N)). However, 
neither H5 or H6 has an irreducible representation over a vector space over 
GF(3) for which a 7-element has no eigenvalue 1. This follows by examining 
the 3-modular representations of H5 or H, or as follows. Contained in H5 
and H6 is a Frobenius group F of order 56. In fact it is the normalizer of a 
Sylow 2-group in H5 . As 3 { j F 1, the ordinary representations coincide 
with the 3-modular representations ([7] S ec. 84). There are seven characters 
of degree 1 and one of degree 7. Any 3-modular representation of H5 not 
trivialwhen restricted to F must contain the 7-dimensional one as a constituent. 
This constituent represents a 7-element with one eigenvalue 1. It follows by 
([8] Th. 5.3.15) that the 7-element in Nis not self-centralizing. Our argument 
shows that if H5 or H6 normalizes a 3-group, a 7-element centralizes a non- 
trivial 3-element. This justifies the remark following the statement of 
Theorem 2. 
We suppose now that N is a maximal 3-local subgroup and that N does not 
contain a full Sylow 3-group. Let K = O,(N) and let P be a Sylow 3-group 
of N which of course contains K. Certainly K # e as N is 3-local. As P is 
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not a Sylow 3-group of G there is a 3 element (T in G - N which normalizes P. 
By the maximality of N it normalizes no characteristic subgroup of R. This 
implies J(P) $ K or J(P) = J(K) an d c would normalize J(K). We will apply 
Lemma 3.1 to reach a contradiction. 
Suppose now N is any maximal 3-local subgroup not a (2, 3) group. The 
proof of the lemma will be complete, in light of the above remarks, if we show 
J(P) C K where P is a Sylow 3-group of 1L: For suppose u is an element in 
N(P) - N and K = O,(N). By the maximality of N, cr does not normalize K 
and so J(P) c K by Lemma 3.2. Therefore N(P) C IV. 
It is clear that P # K. LetL = O,,(N) and x = N/L, As P f  K we know 
3 1 / m / and so m contains a Frobenius group of order 21. Also N is repre- 
sented faithfully on &?r(.Z(K)). A F ro b enius group of order 21 has two abso- 
lutely irreducible representations over GF(9) in which a 7-element acts fixed 
point free. They are of degree 3 and represent a 3-element T by a Jordan block 
‘1 1 0 
i i 
0 Il. 
0 0 1 
An irreducible representation over GF(3) has degree at least six and a three 
element is represented by at least two such Jordan blocks by ([7] 70.15) 
as 33 = (-l)(mod 7). In particular if H is an irreducible invariant 
subspace in Qr(Z(K)) of-m it follows that CH(T) has index at least 34. 
Let A be an element of A(P) such that A $ K. Clearly AK/K has order 3 
or 9 as a Sylow 3-group of Hi , i = 1,2, 3,4 has no abelian subgroup of 
order larger than 9. If  BK/K contains an element which normalizes a 
7-element, / H : C,(AK/K)J 3 81 > / AK/K /. This contradicts Lemma 3.1. 
This shows that AK/K does not contain an element normalizing a 7-element. 
In particular iv z H3 or Ha . 
A Sylow 3-group of H3 is the non-abelian exponent 3 group of order 27. 
There are two conjugate classes of 3-elements; one in the center, the other 
normalizing a 7-element ([IO] 16.7). Th e central element is conjugate 0nIy to 
its square in a Sylow 3-group. This can be seen for example by restricting 
the representation of degree 6 [lo-16.71 to a Sylow 3-group. This means 
that AK/K has order 3 and is the center of P/K. Let H be an irreducible w 
invariant subspace of i&(Z(K)). We know from above that / H j > Y. By 
Lemma 3.1 it follows that C,(AK/K) is of index 3 in H. This means the Jordan 
canonical form consists of one block (i :) and the remaining bIocks (1). 
This is impossible. For example it implies that any 3 conjugates of T have 
an invariant subspace of dimension 3 in common on which each element is 
represented by the identity. However Ha is generated by T and two distinct 
appropriately chosen conjugates as can be checked easily. This provides a 
contradiction. 
580 WALES 
We have shown N contains a full Sylow 3-group and proved the lemma. 
LEMMA 4.2. If N is a 3-local subgroup not a {2,3) group, 1 O,(N)] = 3t 
where t = 0 (mod 6). 
Proof. If n is a 7-element, (‘r, O,(N)) has 3t Sylow 7-groups and so 
t = 0 (mod 6). 
5. G CONTAINS NO ~-LOCAL SUBGROUP WHOSE ORDER Is DIVISIBLE BY 7 
LEMMA 5.1. G does not contain a 3-local subgroup N with 7 1 J N J. 
Proof. Let N be a maximal 3-local subgroup with 7 ] j N 1. Let K = O,(N), 
R = O,,(N) = O,,,(N). IfL = O,(N), R =L x K. By Lemma 4.1 Ncontains 
a full Sylow 3-group P. We arrive at a contradiction by restricting characters 
of the principal 7-block of G to N. 
Let x1 be a character of degree 3” and x.2 a character of degree 2b 
([15] Lem. 6.2). Assume first a Sylow 7-normalizer is of order 42. As 
3” = &l (mod 7) we see by Lemma 4.2 that either 3 T 1 N/R ( or N/R g Hz 
orH,. 
We first treat the case in which 3 Y / N/R 1. Then N/R is a Frobenius group 
of order 7 or 14. Let M be a subgroup of order 7 * 3a. As 2b = 1 (mod 7), 
xz ! M must contain the trivial character ll\[ as a constituent. This implies 
lnrG contains xa as a constituent. This immediately implies lMG = x2 which 
is ridiculous as lc is a constituent of lUG. 
We assume then that N/R z H3 or H4 and 3a = -1 (mod 7). Consider 
xa [ N. As x2 has degree 2b = I (mod 7), x2 1 N must have a constituent from 
the principle 7-block of N of degree 1 or 32 if N/R E H, or of degree 1 or 64 
if N/R s H4 . The index of N is 2b-s-5 if N/R g H3 and 2b-~-6 if N/R e H4. 
Here 1 L [ = P. By the Frobenius Reciprocity law, xe is a constituent of the 
induced character of one of these. This means that s = 0 and xZ 1 N has a 
constituent of degree 32 or 64. 
We assume N/R g H4 . If 17 is the character of N/R of degree 64, qc = x2 . 
The number of Sylow 3-groups in G is 2b . 7/16 as N(P) _C N by Lemma 4.1 
and j N(P)/P 1 = 16. Here P is a Sylow 3-group of N. This means 2b = 1 
(mod 3). In turn, this implies there are two characters of degree 2b in B,(7). 
The argument above shows that each must be yG giving a contradiction. 
This means N/R G Hz . 
Let r], and Q be the characters of N/R of degree 32. We know 
QG = QG = x2 . Let q, be the trivial character of N, Q and Q the characters 
of degree 6 and 27 respectively. 
Suppose there is the one character x1 of degree 3” and no others. As 
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a = 6s + 3 we see 3” = 3 (mod 8). By considering the degree equation 
(mod 8) it is clear there must be a character x whose degree is congruent to 2 
(mod 8). Suppose degree x = 2 . 3”. Clearly 01 f  a as 2 . 3” = 2 (mod7). 
Therefore LY. < a and so x3 is in B,(3) by ([lSj Lem. 6.2). An element y  in 
the center of a Sylow 3-group satisfies 
’ 1, F( ;;;“:p) G 7 ,‘z?)y (mod 9) where B is a prime in Z[U] dividing 3. 
_j 
Let 1 C( y)I = 3” .2$. Then 
1 = X(Y) 
3” 
(mod 9). 
Therefore x(y) = -3” or 3”(1 + ) h w w ere w is a primitive cube root of 1. 
I f  x(y) = 3a(l + w), x + x. These characters of degree 2 . 3~ come in 
complex conjugate pairs. We may therefore pick one for which x(y) = -3”. 
$11 the eigenvalues of the representation X(t) corresponding to x(t) are w or 6. 
However, there is an element y  in Z(P) contained in K as C(K) C K. Clearly 
x j 1%’ must have a constituent from B,(7). Any such constituent is trivial on R 
and so X(y) must have at least one eigenvalue 1. 
We have shown there are at least two characters of degree 3” and so there 
are at least three. Let x1 , x3 , x5 be of degree 3”. Clearly xi / N contains ~a 
or q4 as a constituent for i = 1, 3, 5. I f  r/aG contains two of xi , x3 , xs we 
obtain 2 . 3” < 6 . 2b/32 and so 3” < 3 . 2b/32 contradicting ([I51 Cor. 6.3). 
As 6 . 2b/32 = -2 (mod 7), r/aG contains a character other than x1 , x3, x5 
whose degree is congruent to (-1) (mod 7). Let x7 of degree x7 be such a 
character. As 2b/32 3 2 (mod 7), qoG must contain a character xa of degree xq 
with x4 E 1 (mod 7). We now have the degree equation 
1 + 2b + xq = 3” + 3” + 3” + x7 . 
Suppose qaG does not contain x1, x3 , or x5 . Then qaG = x7 + x7 + ..I 
and so x7 < 6 . 2b/2 . 32. As x1 + x3 + x5 + . . . = qsF we have 3 . 3” < 
27 . 2b/32. But now 3” + 3” -1 3” + N~ < (30) . 2b/32 < 2b a contradiction. 
This means 7aG = xi + x7 + .., , where i = 1, 3, or 5. In particular 
xq + 3” < 6 . 2b/32. Therefore 3” + 3” + 3a + xi < 18 * 2”i32 -=z LZb a 
contradiction. This shows a Sylow 7-normalizer cannot have order 42. 
Suppose now a Sylow 7-normalizer has order 21. If  3 + / N/R /, the 
argument above restricting x.z 1 N provides a contradiction. We can therefore 
assume 3 j I N/R /. The degree equation is now 1 + 2b = 3a & 2a .3a. As 
any solutions of 1 + 28 + 3~ = 0 must have p < 8 the degree equation 
must be 1 + 2” = 3” + 2 . 3*, p < a. The character x of degree 2 . 30 is in 
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B,,(3) by ([15] Lem. 6.2). A contradiction is reached as above by restricting x 
to N. The lemma is proved. 
We may assume from now on that the 3-local subgroups are {2,3) groups 
and so solvable. Our goal will be to show that G satisfies the hypothesis of 
([I31 Th. ES). Th is will provide a contradiction to the alleged existence of G. 
This requires in light of ([I 51 L em. 6.2, 6.3) and Lemma 5.1 showing that 
3En4and2w3. 
6. NON-SOLVABLE ~-LOCAL SUBGROUPS 
Much can be said about the maximal non-solvable 2-local subgroups of G 
particularly if they do not contain a full Sylow 2-group. One exists by 
Lemma 5.1 and of course ([13] Main Th.). We content ourselves with 
proving just what will be needed in Sections 10 and 11. 
LEMMA 6.1. Let M be a maximal 2-local subgroup with 7 j 1 M /. 
(i) M is one of the groups listed in Theorem 2. 
(ii) C(O,(&Q) = 2(0&W)) and O,,(M) is a 2-group. 
(iii) If M/O,(M) c H5 OT H6 and 2b 7 1 M (, there is another maximal 
2-local subgroup Ml with 7 I I M1 1 f 07 which a Sylow 2-group of M1 properly 
contains one of M. 
(iv) If M/O,(M) is of order 7, 14, 21, 07 42, M contains a full Sylow 
2-group of G. 
(v) If T is a 3-element normalizing a ‘I-element in M and 
V = sZ,(Z(O,(M))), theu C,(T) = 2” where I V 1 = 23s. 
(vi) If G contains three characters of degree 3”, G cannot contain a 
subgroup of order 2b . 7. 
(vii) If G contains three characters of degree 3n, there is a maximal 
2-local subgroup M such that M/O,(M) z H1 , H, , H3 , 07 Ha . 
Proof. Part (i) is clear by the induction assumption. By Lemma 5.1, 
C(O,(M)) is a 2-group and as C(O&W)) C O,(M) by the 2-constraint, 
C(O,(M)) = Z(O,(J1)). Also 0,(&Z) = O,(M) and so (ii) holds. If  M/O,(M)= 
H5 or H6 , let P be a Sylow 2-group of M. Then 7 1 I N(P)] as a Sylow 2-group 
of H5 is normalized by an element of order 7. Let M be a maximal 2-local 
subgroup containing N(P). As P is not a Sylowp-group of G, a Sylowp-group 
of N(P) properly contains P by Sylow’s theorem. This proves (iii). 
For (iv), suppose 2b f  M. I f  0,(&Z) is a Sylow 2-group of M, N(O,(M)) > M 
contradicting the maximality of M. Therefore M/O,(Af) is a Frobenius group 
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of order 14 or 42. Let K = Qr(Z(O,(M))). Applying Lemma 3.1 me see 
J(O,(M)) = J(P) where P is a Sylow 2-group of M contradicting the 
maxim&y of M. This follows as an element of order 2 in M inverting a 
‘I-element does not centralize a group of index 2 in K. This proves (iv). 
To prove (v) we note that IT is a representation module over GF(2) for the 
Frobenius group of order 21. The space is a direct sum of 3-dimensional 
subspaces as a 7-element acts fixed point free. In each subspace a 3-element 
acts with one fixed point as its eigenvlaues are 1, w, w2 where w is a primitive 
cube root of 1. This proves (v). 
Suppose (vi) has been established. Let M be a maximal 2-local subgroup 
with Sylow 2-group of greatest order for which 7 1 j M I. I f  M is solvable M 
contains a Sylow 2-group of G by (iv) and so a group of order 2b . 7 and 
(vi) provides a contradiction. If  M/O,(M) is H5 or H, , M contains a subgroup 
of order 2b . 7 by (iii) and (vi) again provides a contradiction. Therefore 
M/O,(M) g Hl , Hz , H3 , or H4 and (vii) holds. If  we now show (vi), (vii) 
will follow. 
Suppose N is a group of order 2b . 7. Then N/O,(N) is a Frobenius group 
of order 14 or a group of order 7. Let x1 , x2 , x3 be characters of degree 3”. 
Then xi / N must contain a constituent from the principal 7-block of N of 
degree congruent to -1 (mod 7). This is either a sum of three characters Q, 
y,, r/a of degree 2 or a sum of six linear characters K ,..., ys . This means 
Xl + x2 f  x3 is a constituent of 7rG or yiG. However, the index of M is 3” and 
so 3 . 3” < 2 . 3” a contradiction. This proves (vi) and the lemma is proven. 
7. 3Errorrrs 
We have shown that G satisfies all of the hypothesis of ([I31 Th. ES) 
except 2 N 3 and 3 E z-~. Our goal in the remaining sections will be to show 
these hold in G. Obviously, then we must show 3 4 zr or ZT~ . In this section 
we develop some machinery to treat the case 3 E r1 or na . The first lemma is 
general and utilizes the fact that O,(H) = e if H is a 3-local subgroup by 
([15] Lem. 5.2). 
LEMMA 7.1. Suppose R is a group in which the p-local subgroups H are 
p-constrained and O,,(H) = e, p odd. If p E zl or ‘ids there is no subgroup iso- 
morphic to Z, x Z, x Z, or to Z, x Z, x Z, where q is a prime other than p. 
Furthermore, ;f  o is an element of ordm p not in the center of a Sylow p-group, 
/ C(o)\ = pll 1 t where t 1 p - 1 and so C(cz) has a normal Sylow p-group. 
Proof. We suppose first 7 is an element of order p for which C(T) contains 
an elementary abelian group I’ of order q2. Then V acts faithfully on O&C(Q-)) 
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as OD(C(~)) = e. Let K be a critical subgroup ([8] Th. 5.3.11) of O,(C(r)) 
and let C = Q,(K). Then by ([8] Th. 5.3.11), r acts faithfully on C. Also C 
has rank at most 2 as p E x1 or ~a ([8] Th. 5.4.15). Furthermore as K is 
critical, Z(O,(C(T))) C K and so r E K. As r has orderp, r E C. If  Cis abelian, 
v  acts faithfully on C and trivially on (T>. This means V acts faithfully on 
a cyclic group of order p, a contradiction. Therefore C is non-abelian of 
exponent 3 and 17 acts on C/(T). But now an element of V centralizes an 
element of C/(T). There is therefore a group isomorphic to 2, x 2, x Z, . 
Now let TfJ be a group isomorphic to Z, x Z, for which 4 / 1 C(W)]. 
Again, let K be a critical subgroup of O,(C(T/T/‘)) and C = 52,(K). As above 
WC C. If  147s C, there is an abelian subgroup W of rank 3 contradicting 
([8] Th. 5.4.15). Th ere f  ore W = C contradicting 4 1 / C(rv>l. We have shown 
there is no subgroup isomorphic to Z, x Z, x Z, or Z, x Z, x Z, . 
We now assume u is an element of order p not in the center of a Sylow 
p-group and $ 1 1 C(a)l. Let K be a critical subgroup of O,(C(a)) and 
C = Ql(K). Let S be a Sylow p-group of R containing O,(C(a)). As 
C(O,(C(u))) C O,(C(u)), Z(S) C O,(C(a)). As above hen In,(Z(S)) C C. As 
u 6 Z(S), sZ,(.Z(C)) has order p2. This means C is abelian of order p*. A 
Sylow q-group of C(u) acts faithfully on C and trivially on u. Therefore it 
acts faithfully on a group of order p and so its order divides p - 1. By 
Sylow’s theorem there is at most one Sylow p-group. 
We prove a lemma to be used in a later section to eliminate the case 3 E r1 
or 3Ema in G. 
LEMMA 7.2. I f  3 E rl or 3 E re and G coztaiks three characten of degree 3”, 
either 2b = 1 (mod 3) or a Sylow 3-group of G is normalized by a group of order 
at least 8. 
Proof. Let M be a maximal 2-local subgroup satisfying the conclusion of 
Lemma 6.1 (vii). Let T be an element of order 3 normalizing a 7-element 
U. As T is conjugate to its square in M, 1 N(T) : C(T)] = 2. By Lemma 7.1, 
C(T) does not contain a 4-group. This means 1 Q,(Z(O,(M)))l = 8. The 
involutions in Q,(Z(O,(M))) are all conjugate by U. It follows that T E C(T) 
for a 7 E Z(S) where S is a Sylow 2-group. Also T N T2 in C(T). 
Now a Sylow 3-group of C(T) is cyclic by Lemma 7.1 and ([8] Th. 5.4.10). 
As O&C(T)) = e, 1 O,(c(~))j = 2b-1 because T N T’ in C(T). Clearly T 
centralizes 7 in 02(C(7)). I f  we assume 2b = 2 (mod 3), T centralizes a group 
of order at least 4 in O,(C(-r)). 
It follows from Lemma 7.1 that T E Z(P) where P is a Sylow 3-group. 
Now 4 I 1 C( T)I. A Sylow 2-group is cyclic or quaternion by Lemma 7.1 
and ([8] Th. 5.4.10). In any case, as I N(T)/C(T)I = 2, 4 [ I N(P)/. As 
2b = 2 (mod 3), 8 1 I N(P)]. 
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In this section we develop some machinery to be used if 2 + 3. The 
overall assumptions in this section are that G is a simple group for which 
the centralizers of all 2- or 3-elements are {2,3) groups and that O,(H) = e 
for all 2-local subgroups H and O,(K) = e for all 3-local subgroups K. 
Also SClva(2) # + 
LEMM.4 8.1. If  G contains a subgroup isomorphic to 2, x Z, x Z, , G 
contains a subgroup isomorphic to Z, x Z, x 2, . 
Proof. Let T be an element of order 3 for which C(T) contains a 4-group 
v. Let I< be a critical subgroup of O&C(T)) and D = Q,(K). As O,(C(T)) = e, 
V acts faithfully on D. This means D = (C,(o), u E V#> by ([8] Th. 53.16). 
Certainly T E CD(o), o E V+. As Cl (T), there is a g in 1;‘+ such that 
C,(a) 3 (T). As D has exponent 3, C,( (T contains an elementary abelian ) 
group of order 9 and we are done. 
LEMMA 8.2. If 2 + 3 in G, there is no m&group isomorphic to 
z, x 2, x z, x z, . 
Proof. Let U = Za x Zs and 17 = Z, x Z, . Let K be a critical subgroup 
([S] Th. 53.11) of O,(C( U)) and D = O,(K). Again clearly U C D and I’ acts 
trivially on U. Therefore D 2 U. As D = (CD(o), o E V+), C,(o) 2 U for 
some (T in P. There is an element in CD(o) in T(3) ([13] Def. 2.9) as C,(u) 
has exponent 3 and order at least 27. Also C,(a) contains an elementary 
abelian group of order 8 as SCNs(2) # a. In particular, 2 N 3. 
LEMMA 8.3. If  2 ,+ 3 in G there is no szcbgrozcp isomorphic to V x Z, 
z&eve V is non-cyclic abelian of order 8. 
Proof. Let T be of order 3 centralized by V. Again let D = Q,(K) where 
K is a critical subgroup of O,(C(T)). N ow I7 acts faithfully on D/( Tj and so 
9 1 j D/<T)l. This means D has order at least 27. As D has exponent 3 it 
contains an element of T(3) ([13] Def. 2.9). Now 2 N 3 in DV and so 2 N 3. 
We now come to the main lemma of this section. 
LEMMA 8.4. If  2 + 3 and G contains a subgroup isonworphic to 
Z, x Z, x Z, , then a Sylow 2-group of G has order at most 213. 
Proof. Let L = C(T) where T is the involution in Z, x Z, x Za ; let W 
be an elementary abelian group of order 9 in L. If  K = O,(L), we know W 
acts faithfully on K. Suppose first d,(K) > 1 in the notation of ([8] 5, Sec. 4). 
In particular let D be a characteristic elementary abelian subgroup of rank at 
481/16/4-5 
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least 2. We may assume 7 ED as DQ#(K)) is also elementary abelian 
characteristic. If C,(W) 2 (T), 2 - 3 by Lemma 8.2. Therefore C,(W) = (T) 
and so ] D 1 = 2 .2”“, t > 1. Now D = ,<C,(u); cr E W#). Let a be in W* 
such that CD(o) 2 (7). Then ( CD(o)( > 8 by Sylow’s theorem and 2 - 3 by 
Lemma 8.3. This shows d,(K) = 1 and 7 is in the center of a Sylow 2-group 
of G. 
The 2-groups with &(K) = 1 have been determined by P. Hall 
([8] Th. 5.4.9). In particular K s E I’ R where E is extra special and R is 
cyclic, D, , Q, , or S,,Z , nz > 4. Here “0” denotes the central product. 
Clearly Kg R as the automorphism group of R does not contain a non- 
cyclic abelian subgroup of order 9. Suppose 1 R 1 3 8. Now 7J1(K) s U1(R) 
which is cyclic of order at least 4. Here or(H) is the subgroup of H generated 
by the squares. As the automorphism group is a 2-group, FF’must centralize it. 
Now as K = (C,(a); u E W+), some element of (T centralizes an abelian 
non-cyclic group of order 8 contradicting Lemma 8.3. If R has order 
4, / K / = 2 . 4t . 2. As W centralizes 7 it follows that / C,(W)1 3 4. Now 
C,(W) is cyclic or quaternion by ([8] Th. 514.10) and lemma 8.2 and so C,(FfT) 
is cyclic of order 4. Again as K = (CK(o); (T E W+) there is a u E ?F such that 
C,(U) 2 C,(W). Then / C,(u)l > 16 and C,(u) contains a non-cyclic abelian 
group of order at least 8. We have shown R is trivial and K is extra special. 
Our arguments show that C,(W) = (7) as otherwise an element 
in IF+ centralizes a non-cyclic abelian group of order 8. We know 
K = (C,(U), u E l&‘+>. If CK(u) 2 (T}, C&(u) must be Qs or D, as any larger 
subgroup contains a non-cyclic abelian group of order 8 and CK(u) 3 8. 
There are four subgroups of order 3 in Wand each centralizes a subgroup of 
order at most 4 in K/(T). It follows as K/(T) is elementary abelian that 
/ K 1 < 2g. 
Let S be a Sylow 2-group of L = C(r). Let m’r be a Sylow 3-group of 
O,,,(L). Then S/K is represented faithfully on W,K/K s Wl . Again, let K 
be a critical subgroup of W, and D = Q1(K). If D has order 27, 2 N 3. 
Therefore / D j = 9 or 3. As S/K is represented faithfully on D, j S/K / < 2”. 
We have shown that I S I ,< 2r3 and S is a Sylow 2-group of G. 
COROLLARY 8.5. If 2 + 3 in G and 2b 3 2l4, there are no subgroups 
isomorplzic to Z, X 2, X 2, or Z, X Z, X 2,. 
COROLLARY 8.6. If 2 + 3 in G and 2b > 2 14, the 2-local subgroups N have 
cyclic Sylow 3-groups. If  as well N is a {2, 3) group, N/O,(N) g D,, OY Z,* , 
?rl = 3t. 
Proofs. Corollary 8.5 follows directly from Lemma 8.1 and Lemma 8.4. 
Let N be a 2-local subgroup with non-cyclic Sylow 3-group. Let W be an 
elementary abelian subgroup of order 9 ([8] Th. 5.4.10). Then W acts on 
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.Qn,(Z(O,(N))) = K. If  C&V) # e we are done by Corollary 8.5. Therefore 
j K 1 = 4”. As K = (CK(u), (T E IV+) there is a (T E kV+ for which C,(G) has 
order 4. This also contradicts Corollary 8.5. 
If  N is a {2, 31 group N = O,,,,,(N) with N/O,(PJ) dihedral if O,,,(N) & N 
and cyclic otherwise. 
9. ONE CHARACTER OF DEGREE 3” 
We now treat individual trees and degree equations. Suppose a Sylow 
7-normalizer has order 7 . 3. The degree equation is 1 5 2* & 3” & x1 = 0. 
Now 2b = 1 or 4 (mod 7) and so 3” = 3 or -1 (mod 7) by Sylow’s theorem. 
This means 3” = 3 (mod 8). This means x1 = +2 (mod 8) and so x1 = 2 L 3”. 
I f  UI = a we obtain b = 3, a = 1. This is certainly W, . Therefore OL < a. 
By ([15] Lem. 6.2) the character x1 of degree x1 is in B,(3). We treat this below. 
Suppose a Sylow 7-normalizer has order 42. In this section we assume 
there is exactly one character of degree 3 Q. In the next section we assume 
there are at least three. Here 3a = (-1) (mod 7) by Sylow’s theorem. This 
means 3” = (3) (mod 8). As there is just one character of degree 3a there 
must be a character x1 of degree x1 = 2 ’ 3”. As a: f  a, x1 is in B,(3) by 
([15] Lem. 6.2). 
We now assume there is a character x1 of degree x1 = 2 . 3” in B,(3). I f  T 
is in the center of a Sylow 3-group x1(T) = 3”(1 + CLI), 3”(1 + L;I) or --3= 
where w = eznij3. In our case we can assume there is a character x1 with 
xl(T) = -3~ as if not th ey are conjugate in pairs and the sum of their degrees 
is divisible by four. The representation X1 associated to x1 represents X1(T) 
with 3” eigenvalues UJ and 3= eigenvalues G. 
It follows from a theorem in Blichfeldt ([l] p. 143) applied to higher 
dimensions that any two non-commuting conjugates of T generate a subgroup 
H on which X, 1 H breaks into irreducible constituents of degree at most two. 
As H is not abelian there is at least one two dimensional constituent. The 
only irreducible linear groups in dimension two generated by elements 
conjugate to (g z) are SLs(3) and SLs(5) [l]. Here w = ezri13. Clearly SLs(5) 
is impossible here. It follows that X, ] H = mU + r(V $ 8) where U is the 
two dimensional representation of SLs(3) generated by elements of order 3 
conjugate to (z i) and V is the linear representation of SLa(3) representing 
an element of order 3 by W. In particular any two conjugates of T either 
commute or generate SLs(3) faithfully. 
As G is simple it is possible to choose 3 conjugates of T say Tl , T, , T3 for 
which (TX , T,) and ( Tl , Ta> generate SL,(3). Here (Xs , Ts) is either SLs(3) 
or abelian. It has been shown independently by M. Hall and J. McKay using 
coset enumerations that (Xi , T, , T3) is either a group Ki of order 34 . 3, 
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a group Kz of order 256 * 3, or H3 E U,(3). Here Ki has subgroups iso- 
morphic to 2, x 2, x 2, and 2s x 2s x 2,. In Ks , the elements of order 2 
in ( Ti , Tj) are all equal. It follows easily that in G there are three conjugates 
Tl , T, , T3 of T which generate either Ki or H3 . 
Suppose ( Tl , T, , Ts) = Kr . Then certainly 3 E nd by ([I51 Lem. 6.2) and 
([8] Th. 5.4.15). I f  b > 14, 2 N 3 by Corollary 8.4. We need only treat the 
case b < 13. If  a Sylow 7-normalizer is of order 21, the only possibility 
satisfying ([15] Cor. 6.3) is 1 G 1 = 7 . 27 . 32. However, a non-solvable 
2-local subgroup must have a Sylow 2-group of order at least 64. Alternatively 
it has been known for a long time there is just one simple group of this order 
[3]. We see then that a Sylow 7-normalizer is of order 42. The only possi- 
bilities are 1 G 1 = 7 .27 . 64 and 7 * 3s .2is. In the first case x1 has degree 6. 
This is impossible by [ 1 I] or ([ 141 Sec. 2) as a Sylow 7-normalizer has order 42. 
The final case is 1 G I = 7 . 3s . 212. A short check shows there are no solutions 
to the degree equation. 
This shows (Tl , Tz , T3) = H3 . Now X, j HI = mY where Y is the six 
dimensional representation of HI as this representation is the only one for 
which an element of order 3 has the required eigenvalues. Computing Xi(r) 
where n is a 7-element we see X1 I HI = Y and Xi has degree 6 as x1(r) 
must be &l. This is again impossible by [ll]. Alternatively, a < 7 by [l]. 
It can be eliminated as above. 
We have shown there are at least three characters of degree 3”. This is 
treated in the next section. 
10. THREE &~+ICTERS OF DEGREE 3" 
We assume in this section there are at least three characters of degree 3”. 
I f  there are five the degree equation is 1 + 2b = 5 . 3”. As 2b = 2 (mod 3) 
and b is a multiple of 3, 2b = f3 (mod 5) and this equation is impossible. 
There are exactly three characters of degree 3”. In this section we will show 
that 2’~ z 2 (mod 3), a Sylow 3-normalizer is of order 2 . 3” and the tree 
contains at least four characters with degree = (-1) (mod 7). In the next 
section we show this implies 2 N 3 and 3 E 7~4 . In fact 3 $ rri or rs 
by Lemma 7.2 and so we will only need to show 2 N 3. As in the proof of 
([15] Cor. 6.3), 3 . 3a/2b + 2b/3a < 7. We proceed with the following lemmas. 
LEMMA 10.1. If the con$guration 
occurs on the stem and 2b E 2 (mod 3), then a Syl~zu 3-rwrm- 
alaker has order 2 .3”. 
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Proof. Let x1 and x3 be the characters of degree 3” and xa the character of 
degree 2b. Suppose Q is a Sylow 3-group and a group H of order 8 normal- 
izes Q. As xi , i = 1, 2 have degree 3”, xi 1 Q contains lo as a constituent 
with multiplicity 1. Here lo is the trivial representation of Q. The 
permutation character of the permutation representation of G on the cosets 
of Q is a sum of principal 7-indecomposables [j-$5]. This means xz must 
occur with multiplicity m 3 2 as the only principal 7-indecomposable 
containing xi , i = 1, 3 is xr + xs [3]. But now xa vanishes on HQ - Q and 
so xa j HQ contains lHQ with multiplicity m/S. This means m >, 8. It follows 
that 8 . 2b < 7 . 2b, the index of Q. This is a contradiction. 
We will show in this section that the hypothesis of Lemma 10.1 holds. 
There are two missing degrees we take to be x1 = 2” . 3s and ~a = 2~ .3%. 
Suppose fi < S. Let xi , i = 1,2 be the characters corresponding to .z~ I 
LENIM~ 10.2. Sz@ose p # 0. If a < y and xl3 > 3”, thefz G does not 
exist. Suppose x1 + q > 3” and the character adjoimkg 1, OIZ the stem has 
degree at least 3”. Then 01 < y. 
Proofs We prove the second assertion first. The degree equation is 
1 + 2b & x1 f xa = 3 . 3”. As /3 < S the degree equation (mod 3”) is 
1 f  2b s 0 (mod 35). Th is means b = 3Wn, m odd and 3s = 3blm. Suppose 
first x1 > 3”/2. Then x1 = 3 s .2” = (3b/m) 2”. Suppose 01 = b and so 
x1 = 2b . 3s. Here p 3 3 as 3s = -&l (mod 7) and 2b = 1 (mod 7). But 
now 2ab . (27)s < 7 . 3” . 2b. This means 2b/3a < 7/(27)” contradicting (1151 
Cor. 6.3). Therefore x1 E B,(2) by ([I51 Lem. 6.2). 
Let T be an involution in the center of a Sylow 2-group. As x1 E B,(2), 
~~(7) = 2” = t where t is some odd integer as X1(7)/X1(e) = 1 (mod 2). In 
particular j C(T)] >, 2ati. As the character adjoining lo on the stem has degree 
at least 3”, the index of 1 G : C(T)] > 3” because this character is a constituent 
of the permutation representation of G on the cosets of C(T) by ([5] Sec. 5) 
and [3]. Therefore 3” < 1 G : C(r)]. In particular 1 C(-r)i = 2b or 2b . 3 
as 3” > 7 . 3a-s. This means 01 < (b + 2)/2 as otherwise / C(T)[ > 2b+Z. 
Now x1 = 3a2a = ((3b)/m) 2” < (3b) 2b+ZIB. Also ,~r >, 3a/2 and so 3” < 
(66) 2bf”p = 12b2b/2. This means 3”/2b < (12b)/2”/a. If b is high enough so 
that 12b/2bfi < l/7 there is a contradiction to ([IS] Cor. 6.3). In particular 
we must have b < 21. Powers of 2 and 3 needed for subsequent computations 
are found in a table at the end of this section. 
The only possibility is 7 . 3$ * 215 as 3 . 3”/2” + 2b/3a < 7. This means 
3s = 3 . 15/m and so 30 = 3 or 9. Now a: < (b + 2)/2 < 9. The possibilities 
of x1 are 2 . 3, 2$ . 3, 2’ . 3, and 4 - 9, 25 . 9, 28 . 9. However these are all at 
most 256 * 9 < 3000 < 3a/2. This case is therefore impossible. 
We can therefore assume x, > 3”/2. Suppose y < a. The degree equation 
(mod 2~) is now 1 - 3@l E 0 (mod 2~). Therefore n + 1 = (2.gMz) 5 YZ and 
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2~ = 4(a + 1)/n. I f  xn $ B,(3), y  > 8 as ~a E (-1) (mod 7) and 3a/2b < 7/64 
contradicting ([15] Cor. 6.3). Th ere ore f  xa g&,(3). Suppose 6 > (a + 4)/2. 
I f  U is an element in the center of a Sylow 3-group x2(U) = 3” . t where t 
is integral as xa is rational. Therefore / C(U)1 > 3as > 3a+a = 81 * 3”. Now 
3” < ] G : C(U)/ < 7 . 2b/81 and so 3a/2b < 7/81 contradicting ([15] Cor. 6.3). 
Therefore 6 < (a + 4)/2. But now 3a/2 < xa = 3s * 2~ < 4(u + 1) 3” < 
4(u + 1) 9 * 3@ = 36(a + 1) 3”12. In particular 3@ < 72(a + 1). 
This implies a < 15. The only possibility is again 7 * 3s . 215. This means 
2’ j 8. As 2~ . 3& 3 3s/2 > 9800, S > 7. But 7 > (a + 4)/2 = 13/2 and 
there are no solutions. This means a: < y. 
Suppose x13 > 3”. The congruences above show 2” I4(a + 1) and 3a j3b. 
In particular x1 < 12(a + 1)b. As 3” < xl3 we have 3” < (12)3(a + 1)3 b3. 
As 2b/3” < 7, b < a logs(3) + logs(7) < a log, 3 + 3 < (a + 2) lag,(3). 
Now 3a+2 < 9 . 123(a + 2)6(log,(3))a < 9 . (20)3(a + 2)6. This shows a < 27. 
The only possibilities are 7 * 3a1 * 2% and 7 * 3s . 215. The degrees x1 divide 
8 -9 and so x1 1 36. In the first case xl3 < 321. In the second case = X~ 36. 
Then xa = 26244 = 3* * 4. This character is not in B,(3) by [2]. This 
completes the proof of Lemma 10.2. 
In these cases we have assumed p # 0 and so 2b = 2 (mod 3). We now 
consider the case /3 = 0. Necessarily then 01 = b by ([I51 Cor. 6.3) and [6] 
and so x1 = 2b. Now xa = 2~3~ with 0 < 6. 
LEMMA 10.3. Suppose p = 0 and xz3 > 3”. Then G does not exist. 
Proof. As in Lemma 10.2, congruences (mod2~) and (mod 36) give 
2” < 4(a + 1) and 3a < 3(b + 1). Now ((12)(b + l)(a + 1))3 > 3”. Again, 
this time by noting 2b/3a < 7/2, 3a+Z < 9(20)3(u + 2)6. Again a < 27. The 
only possibilities are 7 . 3 3 * 64 and 7 . 315 * 22”. In the first case the degree 
equation is 1 + 64 + 64 = 27 + 27 + 27 + 48. A non-solvable 2-local 
subgroup is of index at most 9. The permutation character is clearly 
impossible. Alternatively all permutation groups on 9 letters are well-known. 
This can also be eliminated by examining x2(7) where T is in the center of a 
Sylow 2-group. In the second case xa 14 . 16 * 3 = 192. However this means 
xa = 6 or 48. Clearly 483 < 315 and this case is impossible. 
We now consider various trees. Suppose first, the tree is an open polygon. 
Then 1 + 2b + x1 + xa = 3Q + 3” + 3”. 
It is clear that 2b < 2 * 3” and that x1 + ~a > 3a. If  x, # 2b, Lemma 10.2 
shows that 01 < y  and as well xi3 < 3”. However, let xi2 = lo + p. Therefore 
XlP = Xl + --* * Now xl3 = 2x1 + . . . . As xi(U) = 1 for a h7-element U, 
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xl3 must contain one of the characters of degree 3” as a constituent. We see 
x1” > 3~. If  xl = 2b, the same argument shows xsa > 3” contradicting 
Lemma 10.3, and this tree is impossible. 
In order to avoid confusion we label the remaining possible trees and treat 
them separately. Either x or y  is 3”. 
of 
I. 






z Two more non-real 
a characters 
3 
Consider tree II first. As z > 2 . 3”, 4 . 3za + 3 . 32a + 22b < 7 . 3~ . 2b 
and so 7 . 3~12~ + 2b/3Q < 7. Therefore 3”/2b < 1 and so x = 3”. Clearly 
z + y  > 3” and 2b < y. It follows immediately from Lemma 10.2 or 10.3 
that this case is impossible. 
In tree I, if 2b = 2 (mod 3), Lemma 10.1 shows ( N(Q)\ = 3Q . 2 where Q 
is a Sylow 3-group. This is treated in the next section in Lemma 11.1. If  
xi = P, we are in tree II which has been eliminated above. 
In tree III suppose x = 3a. Clearly z > 2 . 3a. Also y2 > N = 3” by an 
easy tree argument and so Lemma 10.2 or 10.3 applies. This means y  = 3”. 
We treat this below in Lemma 10.4. 
In tree IV if 2b = 2 (mod 3) we may apply Lemma 10.1 to see 
/ N(Q)\ = 2 . 3”. This is also treated in Lemma 11.1. Therefore we can 
assume z = 2b and we have tree III which has already been treated. 
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Finally consider tree V. If x = 2b the non-real characters are of degree 
x = 2*3a. The argument for the open polygon tree shows 313 > 3”. Here the 
cases x = f 1 (mod 7) are treated separately. Lemma 10.2 eliminates this tree. 
This means z # 2b and so there are two non-real characters of degree 2b. 
Now x2 > 3” and so Lemma 10.3 applies. We have treated all cases but 
tree III withy = 3”. 
LEMMA 10.4. Tree III with y  = 3” is impossible. 
Proof. The tree is as follows 
Clearly x > 2 * 3a. Therefore 4 . 3aa + 3 * 3aa + 2ab < 7 * 3” . 2b and so 
7 . 3a/2b + 2b/3a < 7. Set k = 3a/2b. Then 7k2 - 7k + 1 is positive unless 
k < (7 + a)/14 and in particular, k < 516. This means 3a/2b < 516. 
Now from the tree x + 3” > 2b and so x > 3”/5. 
It follows from Lemmas 10.2 and 10.3 that x1 = 2”3a, x2 = 2~3”, 
0 < p < 6, 01> y. This is because xa > 2b and x > 3”. As in Lemma 10.2, 
2* < 4(a + 1) and 3” < 36. Either x1 or q. > 2 * 3” as one is x. In particular, 
TABLE I 
Powers of 3 
33 2 7 
30 1 9 6 8 3 
315 14348907 
321 10460353203 
Powers of 2 
8 
6 4 
5 1 2 
4 0 9 6 
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either (36) 2” or 3s4(a + 1) is greater than 2 . 3”. Either 22~ > 4 * 3*a/9bs or 
3aB > 32a/16(a + 1)2. As in Lemma 10.2, 7 . 3” . 2b/22.d and 7 . 3” . 2b/32B is 
greater than x >, 3a/5. As in earlier cases, this is impossible for sufficiently 
high a and the smaller cases can be easily worked out. WC have proved the 
following lemma. 
LEMMA 10.5. There are tlzree characters of degree 3”, a further character 
whose degree is coTzglgruent to -1 (mod 7), 2b = 2 (mod 3), u?zd j -“v’(Q)l = 3” . 2 
where Q is a Sylozv 3-group. 
11. FINAL ELIMINATION 
In this section we show that the implications of Lemma 10.5 are incom- 
patible with G. In particular they imply 2 N 3 and 3 E r4 ~ Specifically 
we prove the following. 
LEMMA 11.1. Under the implications of Lemma 10.5, 3 E r4 and 2 - 3. 
Proof. We apply Lemma 7.2 to G to see that 3 $ n, or 7~~ . It follows then 
that 3 E rra by ([15] Lem. 6.2). We must show that necessarily 2 N 3 to be 
done. Assume then 2 + 3. 
If  b < 13, it must be 9 or 3. I f  it is 3 there is no non-solvable ,-local 
subgroup. Alternatively a = 3 and 27 > 8 . 3. I f  b = 9, there is no a I 3 
(mod 6) so that l/7 < 2b/3a < 7 and ([15] Cor. 6.3) can be applied. Now as 
b > 14, Corollaries 8.5 and 8.6 can be applied and so there is no subgroup 
isomorphic to 2, x 2, x 2, or 2, x 2, x 2,. 
Let M be a maximal &local subgroup satisfying Lemma 6.1 (vii). Certainly 
M/O,(M) g HI or H2 as 2 N 3 in M if M/O,(M)= HZ or H4 . Let T be the 
element of order 3 in 171 normalizing the seven element U. As C(T) does not 
contain a 4-group, I/’ = Qi(Z(O,(M))) must be of order 8 by Lemma 6.1 (v). 
As M/O,(M) acts faithfully on V we see M/O,(M) g Hi as H2 does not have 
such a representation. 
Suppose first M contains a full Sylow 2-group. The index of &’ in G is 
then 3Q-1. Let pi and 7% be the two characters of M of degree 3 and r/a be the 
character of degree 6. If  x is a character of G of degree 3”, x 1 M has 7, + ~a 
or 71s as a constituent. This means rllG + qaG of degree 3 * 3” contains exactly 
the constituents of degree 3”. Now if x1 is the fourth character of degree 
x1 E (-1) (mod 7), xi / M must contain Q + v2 , or r/a as a constituent and 
then qlG + r/3G would contain x1 as a constituent. This means M does not 
contain a full Sylow 2-group. 
Suppose first 1 O,(M)\ > 8. Let K = O,(M). There is a composition series 
for ill; B = K, C Ki = Qi(Z(K)) C K2 C . . . C Kt = K C M. Here K,/Ki-r is 
elementary abelian of order 8 and M/l& g HI - This is because the only 
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2-modular irreducible representations of HI in which a 7-element has no 
eigenvalues 1 are of order 3. In fact, the irreducible representations of HI over 
GF(2) have degrees 1, 3, 3, 8 as can be easily checked. 
The element T of HI acts on f&/K,-, with one fixed point. It follows that 
C,(T) has order 2t. By Corollary 8.5, C,(T) has only one involution 7 which 
is certainly in K1 C Z(K) = C(K). H ere 7 is in the center of a Sylow 2-group 
as all involutions in K1 are conjugate in M and K1 C C(K). Also, the center 
of a Sylow 2-group of G is cyclic as this is true in M. 
Let L = C(T), L, = Og(C(~)). We lmowL/L, is dihedral of order 2 .3?. 
Here C(T) has more than one Sylow 2-group as CM(~) has more than one 
Sylow 2-group. Also K CL, and L, n M is of index 2 in a Sylow 2-group of 
C,(T). With respect to an appropriate basis matrices for (L, n M)/K over K1 
are generated by 
[ ; g, [ % y. 
The element T is then represented by 
1 0 0 
i 1 
0 11. 
0 1 0 
Another element in a Sylow 2-group S of M/K is given by 
Let 2, be the inverse image of QR,(Z(K/Kl)) in K. As Czl(T) is cyclic or 
quaternion and C, (T)/(T) is elementary abelian, Zl/Kl has order 8 or 64. 
Assume for simplic!ity K2 6 2, and if 1 Z,I = 512, K3 = 2, . 
Suppose first 12, j = 512 and the action of M/K on K,/K2 is the contra- 
gredient of the action on K2/Kl . I f  [K3 , K2] # e, the Lie ring map infers 
the action on Kl is a constituent of the product. This breaks into irreducibles 
of degrees 1 and 8, a contradiction. But now [K3 , K,] = e and CKz(T) must 
be of order 8 and abelian. This means it is cyclic of order 8 ; a contradiction. 
The following argument shows that the actions of M/K on Kl and on K,/Kl 
are the same. Suppose not. I f  K2 is abelian it is of type 2, x 2, x 2, as 
CKz( T) is cyclic of order four. The action of a 7-element on K2/Kl is the same 
as on Kl and so the actions of M/K are the same. This means K2 is non- 
abelian. This is impossible by the following result of J. Alperin. There is a 
group H isomorphic to A, in M/K which fixes a four-group V of Kl and acts 
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transitively on its three involutions. H fixes no vectors of Kr . On Ks/KX , H 
fixes a vector v*. Now (v*)” is a vector of Kl which must be fixed by H, provid- 
ing a contradiction. Here (v*)~ # e, as elements in K, - Kl are of order four. 
We can assume the actions of H on the factors of Z, are the same. Let Z, 
be the inverse image in L, of Gl(Z(L,/(~))). Certainly 2, normalizes K1 and 
as ill is maximal, Z, 2 M. If  follows that Z, C K as no element of S - K 
centralizes even K/(T). But this means Z, C 2, as CT> c Kl . For i = 2, and 
;=3ifjZ,/ =512,(Z,nKi)K,-,/K,+h as order at most two as there is only 
one vector fixed by 
As T normalizes (Z, n K,)/K,-, it follows that Z, G K,C,(T). But now 
Q,(Z(Z,)) = 7 or Kl . I f  it is Kl , Kl char L, and 2b / &I. Therefore Z, C C,(T) 
and so 2, has only one involution. This is false by the structure of K in ([S], 
Theorem 5.4.10). This means K = Kl . 
We have shown that M has order 8 . 8 . 3 . 7. Also C(K,) = Kl . Applying 
the same argument as above in the different circumstance we see that the 
inverse image of Z(L,/(T)) has order 8 or 32. In any case an element of order 
nine cannot normalize it in such a way that its cube has one fixed point. 
Also, C(T) n L, has order at least four as 1 L, / = 1 (mod 3). 
We have shown that j C(,)l = 2” . 3. Incidentally, if a character of degree 3” 
is adjacent to lG , this follows easily. Now consider C(T). Let N = O,(C(T)). 
We know 7 normalizes N and acts fixed point free on N/(T). It fohows 
from Ref. ([S], Theorem 10.1.4) that N/(T) is abelian. We know that a Sylow 
2-group of C(T) contains exactly one involution. If  3 I I C(T)/N /, a 3-element 
must centralize (mod N) this involution. It follows that 9 / / C(T)~, a contra- 
diction. Therefore C(T) has a normal 2-complement, N. 
If  T is in the center of a Sylow 3-group we are done as 4 / / C(T)1 even in 
C(7). Therefore we can assume T is not in the center of a Sylow 3-group. 
If  N is non-abdian, (T) = N’ and so a 3-element not in N must centralize T 
and so be in C(T) and in N. This means N is abelian. Also, as there is a 
faithful automorphism of order 4, I G&V)\ > 33. 
Let R be a maximal 3-local subgroup containing C(T). The Sylow 2-group 
is D, , Qnl, S,, , or Z,, by ([Xl, Th. 5.4.10) and Cor. 8.5. If  3” j / O,(R)\, 
we are done as 4 1 1 N(Q)\. Therefore 3 1 j R/O,(R)1 by the maximality of R. 
Let H be a Sylow 2-group of S = O,,,(R). Let K = O,(R). Now as 
3 1 I R/K I, H has a non-trivial automorphism of order 3 by the 2-constraint. 
Also, H is Z, , Qm , D, , or Z, for some m. The only possibility is 
H=Z, x Z, or H=Q8. This is well-known and follows easily from 
([8], Th. 5.4.3 and Lem. 7.7.2). Clearly R/S E 2, or Ss . Also a Sylow 
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2-group r-I, of R contains H as a subgroup of index at most 2. This means a 
conjugate of 7 is in H as 7 is a square in C(T). We assume 7 E H. 
If H is Qs , 7 centralizes an element of order 3 not in K. Therefore T $ K 
as 9 7 1 C(T)[. Let (J be an element of order 4 in C(T). Assume u E HI . Now 
u E Has (T centralizes T a Sylow 3-group of R/S. But now T must centralize H, 
a contradiction. 
This means H is a 4-group. The involutions of H are all conjugate to 7. 
Now K = (&(u); a E H+j, Z(K) = (CzcKJ(u); u E H*) by ([S] Th. 5.3.16). 
As CK(u) has order at most 3 and Z(K) is invariant under R we see K = Z(K) 
is generated by three elements of order 3; C&u), u E H+. An element Tl 
of order three in R/K permutes the CK(u) cyclically, u E Hs. As R 2 C(T), 
R must contain an elementary abelian group of order 27. This means 
1 K 1 = 27 and Tl centralizes a group of order 3 in K. Therefore 
K char (K, Tl) and so (K, TJ is a Sylow 3-group of G. This means a = 4 
a contradiction. The lemma is proved. 
Theorem 1 is proved by lemma 10.5, lemma 11.1, and $5 last paragraph. 
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